Edge states in the integral quantum Hall eect on a lattice are reviewed from a topological point of view. For a system with edges which is realized inevitably in an experimental situation, the Hall conductance xy is given by a winding number of the edge state on a complex energy surface. A relation between two topological invariants (bulk and edge) is also claried.
I. INTRODUCTION AND THE LATTICE MODEL
To have a high precision of the quantization of xy , topology plays a crucial role in the Quantum Hall eect. Electrons in a magnetic eld feel a path dependent phase described by magnetic translations. This geometrical phase is essential and topological consideration is of central importance in the understanding of the eect. [1, 2] . Contribution to the quantization of bulk states are exactly canceled by the gauge invariance and only edge states can contribute.
The edge states on dierent edges are macroscopically separated. However, the quantum coherence between the edge states is responsible for the quantization of xy .
In the Landau gauge, a tight-binding hamiltonian for electrons on a lattice in a uniform magnetic eld is given by H = 0 P m;n (c y m+1;n c m;n + c y m;n+1 e i2m c m;n + H:c:), where c m;n is the annihilation operator for a lattice fermion at site (m; n). We assume that the magnetic eld per plaquette = p=q with mutually prime integers p and q. We always assume that the system is periodic in y direction. Then the problem is reduced to a one-dimensional one with a parameter k y 2 [0; 2) which lies in a magnetic Brillouin zone (0 2). The one-dimensional Schr odinger equation H(k y )j9(k y )i = E(k y )j9(k y )i is given as H(k y )j9(k y )i 0f9 m+1 (k y ) + 9 m01 (k y )g 0 2 cos(k y 0 2m)9 m (k y ) = E(k y )9 m (k y ):
(1.1)
II. THE CHERN NUMBER: XY OF A BULK SYSTEM
If the system is innite, that is, without edges [1] , above one-dimensional hamiltonian has a period q. Therefore the Bloch theorem tells that the Bloch function 9 m satises 9 m (k x ; k y ) = e ik x mũ m (k x ; k y ) withũ m+q (k) =ũ m (k) and k x 2 [0; 2=q); 0 2=q where k is dened on a magnetic Brillouin zone which is a two-dimensional torus. The spectrum consists of q energy bands and xy of the lled j-th band (j = 1; 1 1 1 ; q) is calculated by the Kubo formula as [1] j; bulk xy 
This is a topological meaning of the Hall conductance of the bulk states.
III. THE WINDING NUMBER: XY OF A CYLINDRICAL SYSTEM Now let us consider a system in a cylindrical geometry, i.e., the system is periodic in y direction and nite in x direction. Here we only state the results of Ref. [2] relevant to our purpose. The boundary condition for the cylindrical geometry is Mathematically the dierence between systems with and without edges is a dierence in the boundary conditions. For the system without edges, the condition follows the Bloch theorem as 
There are q energy bands and each energy gap has one edge state, i.e., there are g = q 01 edge states. These energies of the edge state j (j = 1; 1 1 1 ; g) are determined by a q site problem as [2] We analytically continue E to a complex energy z in order to construct a wave function of the edge state from that of the Bloch function.
Here (Fig . 1) . The genus of the surface is g = q 0 1 which is the number of energy gaps. The complex energy surface of the one dimensional system Eq. (1.1) is a genus g = q 0 1 Riemann surface 6 g (k y ) for each k y .
On 6 g (k y ), the energy gaps correspond to circles around the holes of the 6 g (k y ) and the energy bands correspond to closed paths on 6 g (k y ). 9 (b) q has always g zeros at j ( 9 (b) q ( j ) = 0) which give the edge state energies. Changing k y from 0 to 2, we obtain a family of the Riemann surface 6 g (k y ) which is topologically equivalent if there are stable energy gaps in the two dimensional spectrum. By identifying the 6 g (k y ), the j (k y ) moves around the holes and forms an oriented loop C( j ). This winding number of the loop around the j-th hole I(C( j )) is a well dened topological quantity which gives xy . When the Fermi energy of the two dimensional system lies in the j-th energy gap, xy is given by this winding number as [2] This is the second interpretation of the Hall conductance as a topological number. Further, one can see that the zeros of 9 (b) q (k x ; k y ) on the energy bands are given by the points where the edge state is degenerate with the bulk state. Counting a sum of the vorticities on the energy band which come from the degenerate edge states, the Chern number of the j-th band is written by the winding number as I(C j ) 0 I (C j 0 1). Therefore the Hall conductance for the lled j-th band is j; bulk xy ( 3.8) This is the relation between the Chern number for the bulk state and the winding number of the edge state. It clearly demonstrates the relation between the two interpretations of the Hall conductance with and without edges.
IV. EDGE STATE MIXING IN A MESOSCOPIC SYSTEM
When the system is macroscopic, edge states on each edges of the system are separated macroscopically. Thus the mixture of the edge states are exponentially small and negligible. This is true even in a dirty sample. This is a typical realization of the "Quantum Coherence" and it gives the high accuracy of the quantization. The quantum coherence between macroscopically separated edge states gives the Quantum Hall eect. However, when the system is mesoscopic, the mixture between the edges states plays a physical role. We have obtained wavefunctions on a pinched cylinder with randomness numerically. It models a tunneling between two edge states. In Fig. 2 , the spectral ow of the system is shown as a function of the Aharonov-Bohm ux through the cylinder . If there is no mixture between the edge states, the spectral ow shows a level crossing, which gives non zero Hall conductance. When there is a mixture, the level repels each other as shown in the Figure. The corresponding wave functions are shown in Figs. 3 and it clearly show the mixture of the edge states. This is only possible in a mesoscopic system. One important and interesting fact is that the behavior of the edge state is very sensitive to the AB ux. The localized bulk states are almost insensitive but the edge states are not. Changing the AB ux just a fraction of the ux quantum, one can move the edge state from one edge to the other macroscopicaly (mesoscopically). It may suggest a possibility for device applications. 
